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Abstract
The level of precision achieved by the experimental measurements at the LHC requires
the inclusion of higher order electroweak effects to the processes of pp scattering. In
particular the photon-induced process γγ → ℓ+ℓ− make a significant contribution (∼ 10%)
to the dilepton invariant mass distribution. To evaluate the cross-section of this process one
need to know the parton distribution function (PDF) of the photon in the proton γ(x, µ2).
The aim of the current study is to investigate the impact of QED corrections on PDFs
and describe the implementation of QED-modified evolution equations into beta release of
new version of QCDNUM program. The APPLGRID interface to SANC Monte Carlo generator
for fast evaluation of photon-induced cross-section is also outlined. The results were cross-
checked with partonevolution program, MRST2004QED PDF set and APFEL program. The
described developments are planned to include into HERAFitter package and can be used
to determine the photon PDF using new data from the LHC experiments.
1 Introduction
With an abundance of high precision measurements available from the LHC experiments,
the theoretical precision in matching data accuracy have become crucial. Recent studies
on high mass Drell-Yan production in ATLAS [1] have shown that the size of the photon-
induced contribution is as large as the uncertainties arising from the different choice of
PDF set. Therefore it become important to address the impact of QED corrections to
PDFs.
Currently two PDF sets are available which incorporate the photon contribution of the
proton. These are old MRST2004QED [2] and most recent NNPDF2.3QED [3].
In this paper an alternative approach is presented. The QED-modified evolution is im-
plemented into beta release of new version of QCDNUM [4] program (v17-01-0b) which allows
to solve arbitrary number of coupled DGLAP evolution equations. This implementation
together with the APPLGRID [5] interface to SANC [6] Monte Carlo generator for fast eval-
uation of photon-induced cross-section are planned to include into QCD data fit package
HERAFitter [7]. The advantage of this approach is the possibility of using different data
sets for QCD fits within a single framework.
The paper is organized as follows. Section 2 describes the modification of QCD evo-
lution required to accommodation for QED effects, section 3 refers to implementation
of fast-evaluation of photon-induced process cross-section, in section 4 the comparison of
QCDNUM+QED with partonevolution [8] program (v1.1.3), MRST2004QED PDF set and APFEL
[9] program (v2.0.0) are presented. Conclusions are given in section 5.
2 QED evolution of parton densities
If the PDFs are known at the initial scale µ20, then the evaluation of PDFs at the scale µ
2 in
pQCD is performed using DGLAP evolution equations. QED-modified DGLAP evolution
equations for PDF of quarks qi(x, µ
2
F ), anti-quarks q¯i(x, µ
2
F ), gluon g(x, µ
2
F ) and photon
γ(x, µ2F ) can be written as:
∂qi
∂ lnµ2
=
nf∑
j=1
Pqiqj ⊗ qj +
nf∑
j=1
Pqiq¯j ⊗ q¯j + Pqig ⊗ g + Pqiγ ⊗ γ,
∂q¯i
∂ lnµ2
=
nf∑
j=1
Pq¯iqj ⊗ qj +
nf∑
j=1
Pq¯iq¯j ⊗ q¯j + Pq¯ig ⊗ g + Pq¯iγ ⊗ γ,
∂g
∂ lnµ2
=
nf∑
j=1
Pgqj ⊗ qj +
nf∑
j=1
Pgq¯j ⊗ q¯j + Pgg ⊗ g,
∂γ
∂ lnµ2
=
nf∑
j=1
Pγqj ⊗ qj +
nf∑
j=1
Pγq¯j ⊗ q¯j + Pγγ ⊗ γ,
(1)
1
where ⊗-operation denotes the Mellin convolution defined as
[f ⊗ g] (x) ≡
∫ 1
x
dz
z
f
(x
z
)
g(z) =
∫ 1
x
dz
z
f(z)g
(x
z
)
. (2)
The splitting functions at NLO QCD and LO QED are expressed as
Pqiqj = Pq¯iq¯j = asδijP
(0)
qq + a
2
s
(
δij
P
(1)
+ + P
(1)
−
2
+
P
(1)
qq − P (1)+
2nf
)
+ aδijeiejP˜
(0)
qq ,
Pqiq¯j = Pq¯iqj = a
2
s
(
δij
P
(1)
+ − P (1)−
2
+
P
(1)
qq − P (1)+
2nf
)
,
Pqig = Pq¯ig = as
P
(0)
qg
2nf
+ a2s
P
(1)
qg
2nf
,
Pqiγ = Pq¯iγ = ae
2
i
P
(0)
qγ
2nf
,
Pgqi = Pgq¯i = asP
(0)
gq + a
2
sP
(1)
gq ,
Pgg = asP
(0)
gg + a
2
sP
(1)
gg ,
Pγqi = Pγq¯i = ae
2
iP
(0)
γq ,
Pγγ = aP
(0)
γγ ,
(3)
where LO splitting kernels are given by
P (0)qq =
4
3
(
1 + x2
(1− x)+
+
3
2
δ(1− x)
)
, P˜ (0)qq =
3
4
P (0)qq ,
P (0)qg = nf
(
x2 + (1− x)2) , P (0)qγ = 2P (0)qg ,
P (0)gq =
4
3
(
1 + (1− x)2
x
)
, P (0)γq =
3
4
P (0)gq ,
P (0)gg = 6
(
x
(1− x)+
+
1− x
x
+ x(1− x) +
(
11
12
− nf
18
)
δ(1− x)
)
,
P˜ (0)γγ = −
2
3
nf∑
i=1
e2i δ(1− x),
(4)
and the expressions for NLO singlet splitting kernels P
(1)
qq , P
(1)
qg , P
(1)
gq , P
(1)
gg can be found in
[10] (see footnote on p.9 of [4] concerning the known misprints in these expressions) and
those for NLO non-singlet splitting kernels P
(1)
+ , P
(1)
−
can be found in [11].
For pure QCD evolution the equations (1) can be simplified using singlet and non-singlet
combinations of quark densities. Then the singlet quark density obeys the coupled evolution
equations with the gluon density and non-singlet combinations evolve independently. This
decomposition is not suitable for QED-modified evolution since up- and down- quarks
2
have different electric charges. Instead for QED evolution we use the following basis of
distribution functions:
f1 = ∆ = u+ u¯+ c+ c¯− d− d¯− s− s¯− b− b¯,
f2 = Σ = u+ u¯+ c+ c¯+ d+ d¯+ s+ s¯+ b+ b¯,
f3 = g,
f4 = γ,
f5 = dv = d− d¯,
f6 = uv = u− u¯,
f7 = ∆ds = d+ d¯− s− s¯,
f8 = ∆uc = u+ u¯− c− c¯,
f9 = ∆sb = s+ s¯− b− b¯.
(5)
In this basis we have 4 coupled and 5 uncoupled evolution equations:
∂
∂ lnµ2


f1
f2
f3
f4

 =


P11 P12 P13 P14
P21 P22 P23 P24
P31 P32 P33 P34
P41 P42 P43 P44

⊗


f1
f2
f3
f4

 ,
∂fi
∂ lnµ2
= Pii ⊗ fi, i = 5, ..., 9.
(6)
We find after simple calculations that the expressions for splitting kernels Pii in this
basis are given by
P11 = asP
(0)
qq + a2sP
(1)
+ +
e2u+e
2
d
2
aP˜
(0)
qq , P33 = asP
(0)
gg + a2sP
(1)
gg ,
P12 =
nu−nd
nf
a2s(P
(1)
qq − P (1)+ ) + e
2
u−e
2
d
2
aP˜
(0)
qq , P34 = 0,
P13 =
nu−nd
nf
(asP
(0)
qg + a2sP
(1)
qg ), P41 =
e2u−e
2
d
2
aP
(0)
γq ,
P14 =
nue
2
u−nde
2
d
nf
aP
(0)
qγ , P42 =
e2u+e
2
d
2
aP
(0)
γq ,
P21 =
e2u−e
2
d
2
aP˜
(0)
qq , P43 = 0,
P22 = asP
(0)
qq + a2sP
(1)
qq +
e2u+e
2
d
2
aP˜
(0)
qq , P44 = aP
(0)
γγ ,
P23 = asP
(0)
qg + a2sP
(1)
qg , P55 = asP
(0)
qq + a2sP
(1)
−
+ ae2dP˜
(0)
qq ,
P24 =
nue
2
u+nde
2
d
nf
aP
(0)
qγ , P66 = asP
(0)
qq + a2sP
(1)
−
+ ae2uP˜
(0)
qq ,
P31 = 0, P77 = P99 = asP
(0)
qq + a2sP
(1)
+ + ae
2
dP˜
(0)
qq ,
P32 = asP
(0)
gq + a2sP
(1)
gq , P88 = asP
(0)
qq + a2sP
(1)
+ + ae
2
uP˜
(0)
qq .
(7)
The new beta version of QCDNUM program has routines to solve arbitrary number of
coupled evolution equations and is therefore suitable for solving of equations (6). The
flavour decomposition (5) and the splitting kernels (7) were implemented into user module
of this version of QCDNUM.
3
3 Photon-induced process
Corrections to the neutral current Drell-Yan cross-section due to photon-induced process
γγ → ℓ+ℓ− can reach up to 10− 20% for high invariant mass Mℓ+ℓ− with the appropriate
choice of kinematic cuts [12]. Therefore it is important to use this contribution for data
fits when extracting photon PDF from LHC data.
3-differential cross-section of the process p[γ]p[γ]→ ℓ+ℓ− at LO reads
dσ(p[γ]p[γ]→ ℓ+ℓ−)
dx dy dz
=
=
4πα2
s0
fγ
(
Mmin√
s0
ex+y, µ2F
)
fγ
(
Mmin√
s0
ex−y, µ2F
)(
1 + tanh2 z
)
,
x = ln
Mℓ+ℓ−
Mmin
, y = Yℓ+ℓ−, z = − ln tan
θ
2
.
(8)
For fast evaluation of this cross-section the APPLGRID interface to the SANC Monte Carlo
generator was created. The interface is organized as follows:
- SANC generator produces unweighted events which are saved to data file. Each event
i is assigned a weight
wi =
σtot
N
· 1
fγ(x1i , µ
2
i )fγ(x2i , µ
2
i )
,
where σtot =
∫
dσ is the total cross-section and N is total number of generated events.
MRST2004QED PDF set is used to evaluate the photon PDF.
- These events are used to fill grids for different observables with help of APPLGRID
interface.
- These grids then can be used for fast convolution with arbitrary photon PDF to get
the cross-section.
The standard APPLGRID package was modified so one can handle one extra PDF (photon)
in addition to 13 standard PDFs (gluon and quarks).
4 Validation and performance
The described implementation of QED-modified DGLAP evolution equations (which we
denote as QCDNUM+QED) was cross-checked with partonevolution program in fixed flavour
number scheme (FFNS) and with MRST2004QED PDF set and APFEL program in variable
flavour number scheme (VFNS). It takes ∼ 5 s of CPU time (Intel Core i7-3630QM, 2.4
GHz) to fill weight tables of splitting functions and ∼ 0.5 s to evolve the distributions (5)
on 100× 100 grid in x and µ2.
4
4.1 Comparison of QCDNUM+QED and partonevolution
For the numerical comparison of QCDNUM+QED and partonevolution (PE) codes the toy
model with nf = 4 is adopted. PDFs at initial scale µ0 = 2 GeV are given by:
xuv =
35
16
x0.5(1− x)3,
xdv =
315
256
x0.5(1− x)4,
xd¯ = xu¯ = xs¯ = xs =
0.673345
6
x−0.2(1− x)7,
xc¯ = xc = 0,
xg = 1.90836x−0.2(1− x)5,
xγ = 0.
(9)
The running strong as = αs/2π and electromagnetic a = α/2π couplings determined
by the following expressions:
as(µ
2) =
1
β0L
(
1− β1
β20
lnL
L
)
,
a(µ2) =
a(m2τ )
1− 38
9
a(m2τ ) ln
µ2
m2τ
,
(10)
where
L = ln
µ2
Λ2QCD
, ΛQCD = 0.25 GeV, β0 =
25
6
, β1 =
77
6
,
a(m2τ ) =
1
2π
1
133.4
, mτ = 1.777 GeV.
(11)
The results of comparison in FFNS for basis distributions (5) are presented in Figs.
1-8 for momentum distributions xf and the corresponding relative differences which are
defined by
δf =
xf(QCDNUM+QED)− xf(PE)
xf(PE)
. (12)
A very good agreement is observed between two codes. For photon distribution there is
about 1 − 2% difference which can be explained by the effect of contribution from lepton
PDFs that are taken into account in PE code. The discontinuity around x = 0.033 in the
δf plot for ∆ distribution is due to the ∆ distribution changes sign from - to + near this
point.
5
4.2 Comparison of QCDNUM+QED and MRST2004QED
To compare QCDNUM+QED with MRST2004QED PDF the staring distributions were taken at
initial scale µ0 = 2 GeV using LHAPDF interface. Then this distributions were evolved to
the scale µ = 100 GeV on 1000 × 1000 grid in x and µ2. The results of comparison in
VFNS for momentum distributions xf and the corresponding relative differences
δf =
xf(QCDNUM+QED)− xf(MRST2004QED)
xf(MRST2004QED)
(13)
are presented in Figs. 9-17 where an agreement within ∼ 1% is observed excluding a region
of x where PDFs are very small.
4.3 Comparison of QCDNUM+QED and APFEL
For the numerical comparison of QCDNUM+QED and APFEL in VFNS the distributions were
evolved from initial scale µ0 = 2 GeV to µ = 100 GeV on 1000 × 1000 grid in x and µ2.
The parametrization for initial PDFs were taken from [13]. The results of comparison in
VFNS for momentum distributions xf and the corresponding relative differences
δf =
xf(QCDNUM+QED)− xf(APFEL)
xf(APFEL)
(14)
are presented in Figs. 18-26 where an agreement within ∼ 1% is observed excluding a
region of large x. A larger discrepancy for photon distribution can be caused by different
treatment of O(α2) effects.
5 Conclusions
QED-modified evolution equations are implemented into beta version of the next release
of QCDNUM program and cross-checked with partonevolution program in FFNS and with
MRST2004QED PDF set and APFEL program in VFNS. The APPLGRID interface to SANC
Monte Carlo generator was created for fast evaluation of LO photon-induced cross-section.
These developments are planned to implement into HERAFitter package and can be used
for QED fits of LHC data.
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Figure 1: Tuned comparison between QCDNUM+QED and partonevolution. Left plot shows
the momentum distribution of ∆ at µ2 = 104 GeV2. The corresponding δf is shown on the
right plot.
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Figure 2: Tuned comparison between QCDNUM+QED and partonevolution. Left plot shows
the momentum distribution of Σ at µ2 = 104 GeV2. The corresponding δf is shown on the
right plot.
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Figure 3: Tuned comparison between QCDNUM+QED and partonevolution. Left plot shows
the momentum distribution of g at µ2 = 104 GeV2. The corresponding δf is shown on the
right plot.
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Figure 4: Tuned comparison between QCDNUM+QED and partonevolution. Left plot shows
the momentum distribution of γ at µ2 = 104 GeV2. The corresponding δf is shown on the
right plot.
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Figure 5: Tuned comparison between QCDNUM+QED and partonevolution. Left plot shows
the momentum distribution of dv at µ
2 = 104 GeV2. The corresponding δf is shown on
the right plot.
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Figure 6: Tuned comparison between QCDNUM+QED and partonevolution. Left plot shows
the momentum distribution of uv at µ
2 = 104 GeV2. The corresponding δf is shown on
the right plot.
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Figure 7: Tuned comparison between QCDNUM+QED and partonevolution. Left plot shows
the momentum distribution of ∆ds at µ
2 = 104 GeV2. The corresponding δf is shown on
the right plot.
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Figure 8: Tuned comparison between QCDNUM+QED and partonevolution. Left plot shows
the momentum distribution of ∆uc at µ
2 = 104 GeV2. The corresponding δf is shown on
the right plot.
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Figure 9: Tuned comparison between QCDNUM+QED and MRST2004QED. Left plot shows the
momentum distribution of ∆ at µ2 = 104 GeV2. The corresponding δf is shown on the
right plot.
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Figure 10: Tuned comparison between QCDNUM+QED and MRST2004QED. Left plot shows the
momentum distribution of Σ at µ2 = 104 GeV2. The corresponding δf is shown on the
right plot.
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Figure 11: Tuned comparison between QCDNUM+QED and MRST2004QED. Left plot shows the
momentum distribution of g at µ2 = 104 GeV2. The corresponding δf is shown on the
right plot.
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Figure 12: Tuned comparison between QCDNUM+QED and MRST2004QED. Left plot shows the
momentum distribution of γ at µ2 = 104 GeV2. The corresponding δf is shown on the
right plot.
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Figure 13: Tuned comparison between QCDNUM+QED and MRST2004QED. Left plot shows the
momentum distribution of dv at µ
2 = 104 GeV2. The corresponding δf is shown on the
right plot.
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Figure 14: Tuned comparison between QCDNUM+QED and MRST2004QED. Left plot shows the
momentum distribution of uv at µ
2 = 104 GeV2. The corresponding δf is shown on the
right plot.
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Figure 15: Tuned comparison between QCDNUM+QED and MRST2004QED. Left plot shows the
momentum distribution of ∆ds at µ
2 = 104 GeV2. The corresponding δf is shown on the
right plot.
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Figure 16: Tuned comparison between QCDNUM+QED and MRST2004QED. Left plot shows the
momentum distribution of ∆uc at µ
2 = 104 GeV2. The corresponding δf is shown on the
right plot.
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Figure 17: Tuned comparison between QCDNUM+QED and MRST2004QED. Left plot shows the
momentum distribution of ∆sb at µ
2 = 104 GeV2. The corresponding δf is shown on the
right plot.
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Figure 18: Tuned comparison between QCDNUM+QED and APFEL. Left plot shows the mo-
mentum distribution of ∆ at µ2 = 104 GeV2. The corresponding δf is shown on the right
plot.
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Figure 19: Tuned comparison between QCDNUM+QED and APFEL. Left plot shows the mo-
mentum distribution of Σ at µ2 = 104 GeV2. The corresponding δf is shown on the right
plot.
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Figure 20: Tuned comparison between QCDNUM+QED and APFEL. Left plot shows the mo-
mentum distribution of g at µ2 = 104 GeV2. The corresponding δf is shown on the right
plot.
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Figure 21: Tuned comparison between QCDNUM+QED and APFEL. Left plot shows the mo-
mentum distribution of γ at µ2 = 104 GeV2. The corresponding δf is shown on the right
plot.
13
x
-510 -410 -310 -210 -110 1
xf
(x)
-1110
-1010
-910
-810
-710
-610
-510
-410
-310
-210
-110
APFEL
QCDNUM+QED
x
-510 -410 -310 -210 -110 1
 
f[%
]
δ
-10
-8
-6
-4
-2
0
2
4
6
8
10
Figure 22: Tuned comparison between QCDNUM+QED and APFEL. Left plot shows the mo-
mentum distribution of dv at µ
2 = 104 GeV2. The corresponding δf is shown on the right
plot.
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Figure 23: Tuned comparison between QCDNUM+QED and APFEL. Left plot shows the mo-
mentum distribution of uv at µ
2 = 104 GeV2. The corresponding δf is shown on the right
plot.
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Figure 24: Tuned comparison between QCDNUM+QED and APFEL. Left plot shows the mo-
mentum distribution of ∆ds at µ
2 = 104 GeV2. The corresponding δf is shown on the right
plot.
14
x
-510 -410 -310 -210 -110 1
xf
(x)
-910
-810
-710
-610
-510
-410
-310
-210
-110
1
APFEL
QCDNUM+QED
x
-510 -410 -310 -210 -110 1
 
f[%
]
δ
-10
-8
-6
-4
-2
0
2
4
6
8
10
Figure 25: Tuned comparison between QCDNUM+QED and APFEL. Left plot shows the mo-
mentum distribution of ∆uc at µ
2 = 104 GeV2. The corresponding δf is shown on the right
plot.
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Figure 26: Tuned comparison between QCDNUM+QED and APFEL. Left plot shows the mo-
mentum distribution of ∆sb at µ
2 = 104 GeV2. The corresponding δf is shown on the right
plot.
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